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RECENT ADVANCES IN FREE ELECTRON LASER THEORY

1. Introduction

Free electron lasers comprise a class of potentially efficient devices capable of generat-

ing high quality coherent radiation, continuously tunable from the microwave region to the

x-ray, at high average and/or high peak powers. The basic mechanisms of FEL physics

have been verified. The future trends for FELs are: i) to extend the frontier of FELs into

longer (IR) and shorter (UV and x-ray) wavelength regimes where conventional sources

are limited, ii) to provide user oriented FELs at user facilities and iii) eventually to make

compact, inexpensive, commercially affordable and easy to use FELs.

The proof-of-principle IR FELs are easier to make than FELs at shorter wavelength,

because the electron beam requirement is less stringent. To make IR FELs into a compact

and practical device is another matter. Common FEL physics issues are beam quality

requirements, radiation guiding and micro-wigglers. Additional issues of importance to

the IR are: i) radiation sidebands (physics related to potential high power operation), ii)

use of waveguides (physics related to diffraction and group velocity effects) and iii) pulse

slippage (physics related to short electron beams from rf driven accelerators).

Generation of FEL radiation in the UV and x-ray regime is challenging. Beam quality

requirements become very stringent. To reduce diffraction losses, radiation guiding is

necessary. If conventional wigglers are to be used, it might require a large number of

periods. The effect of wiggler field errors on the FELs becomes important. To reduce the

overall size, micro-wigglers or electromagnetic wigglers, and radiation at harmonics are

topics to be examined.

In this paper, we will concentrate on topics of importance for generation of radiation

in the UV and x-ray regimes. The advances in the theory and configurations will be

highlighted.

2. Effect of Beam Quality on Radiation Guiding

All the experiments have demonstrated the importance of high quality electron beams.

It is desirable to focus the electron beam and to obtain high electron beam density with

small axial velocity spread in the FEL interaction region. At large electron beam den-

sity, FELs can operate in the radiation "guided" regime."1-1 Optical guiding overcomes

diffraction losses and improves the growth rate and the efficiency.

Manuscript approved April 16, 1991. 1



A. Radiation Guiding

The FEL mechanism is most effective when the radiation beam just overlaps the

electron beam, such that the filling factor f = fb/Or, is approximately unity, where O'b is

the area of the electron beam and 0r, is the area of the radiation. For many experiments

it is desirable to have the wiggler length be much longer than the Rayleigh length. If

the radiation cannot be confined or guided by a waveguide structure, it is important to

overcome free-space diffraction by utilizing an important property of the FEL - radiation

guiding.

To illustrate the concept of radiation self-focusing in the high gain regime, consider

a radiation field with a vector potential given by

Ar(r,z,t) = -A(r,z)exp[iw(z/c - t)I6,/2 + c.c., (1)

where A(r, z) = IA(r, z)eiq1(rz) is the axially symmetric complex amplitude of the radiation

field, w is the frequency, and c.c. denotes the complex conjugate. The wiggler is linearly

polarized with flat pole faces, where A, is the peak vector potential, k,, is the wavenumber

and L,,, is the length of the wiggler.

The wave equation is

( r-r- + 2i--"z a(r,z) = [1- n2(r,z,a)]a(r,z), (2)
Or cZ

where
1 2 (rz Ii,\

n(r,z,a) = 1+ + b 2 ') e F, K (3)
;2'O ) \71 a(r,z)I

is the index of refraction associated with the medium and is, in general, complex and

a nonlinear function of a(r,z). Here, wb(r,z) = [47rle12nb(r,z)/mo1 / 2 is the plasma fre-

quency associated with the electron beam density nb(r, z), a(r, z) = IeIA/v2moc 2 is the

normalized radiation vector potential, K = (Iel/moc 2)(A /v2) is the normalized wiggler

vector potential and F = Jo(b) - JI(b), b = K 2/2(1 + K'). The () denote an ensemble

average over all electrons within a ponderomotive wavelength. The imaginary part of n

and the real part of n represent the gain and the refractive properties of the radiation,

respectively. Gain and refraction are coupled in FELs.
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The radiation field a(r, z) can be represented in terms of a complete set of basis

functions
5 - 9

ar za..() ,, r() exp -[1- t(z)] r , (4)

where m = 0,1,2,'". In Eq. (4), a,(z) are the complex amplitude coefficients, ra(z) is

the radiation spot size, a(z) is related to the radius of curvature of the radiation beam

wavefront, R = -(w/2c)r,/a is the radius of curvature, and Lm is the Laguerre polynomial.

Let us assume that the radiation beam is approximately Gaussian and the a0 mode

is a good approximation to the radiation field. The unknown quantities a,,, r., and a can

be solved for self-consistently.

The beam is called perfectly guided when self-similar solutions exist, i.e., the spot

size and the curvature remain constant. The complex amplitude of the radiation grows

exponentially,

arz)= ao (z = 0) exp [(IF - i~k)z] exp [r 2 (1+2±)]k (5)

where IF is the growth rate and Ak is the phase shift. Guided radiation beams can be

obtained in the small signal, exponential gain regime for a uniform electron beam radius.

Solutions of ra, R, r, and Ak are given in Table IP for parabolic electron beams, where

nb(r) = no(1 - r2 /r2), and n0 is the electron beam density on axis. The filling factor is

defined as

f - 0 (6)

where Crb = rrb/2, and o', = rr2. For large filling factors (f > 1), the scaling relations

reduce to those of the 1-D limit.

Optical guiding is important when the interaction length is much longer than the

Rayleigh length, and the Rayleigh length is comparable to the e-folding length, i.e.,

L,, >> ZR > l/r, (7)

where zn = 7rr,/A is the Rayleigh length associated with the radiation spot size and A

is the radiation wavelength. Since it is desirable to make the FEL compact, the FEL
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wiggler length can be reduced by using a shorter wiggler wavelength, which leads to the

requirement of a small electron beam area 0rb.

In addition to the Gaussian radiation beam approximation, the derivation of the

radiation guiding presented above assumed a cold beam with a given electron beam radius

and no betatron oscillation effect.

B. Beam Quality

The effective energy spread of the beam does not degrade the performance of the

FEL in the high gain Compton regime if the variation in the phase of electrons with

different axial velocities is small over the period of ponderomotive potential at the end of

an e-folding length. The effective energy spread criterion can be written as

(k,, + k)AvzLe/vo << r/2, (8)

where Av, is the axial velocity spread, L, = 1/I is the e-folding length. A spread in

V2 is related to a spread in -, by AyzyzO = y.oAvg/c, where yo = (1 + K2 )1/2 -y.0 and

'Y = -tzO + A- 2 = [1 - (v.0 + Av 2)2/c 2] -1/2. The energy spread limit can be written as

< -. (9)
r/k,. 2' 9

Transverse emittance, c, is an important measure of beam quality. We define 7rE to

be the area of the smallest ellipse in x, x' = dx/dz transverse phase space which encloses

the particles in the beam. We will assume that the beam is symmetric and E = E = 1.

In some accelerators the emittances in the x and in the y planes are different. We will

consider the "envelope," or "edge," emittance of the beam

EZ = 4 [(x,2)((.TI)2) - ((zXX))2] 1 /2 = 4 ,,.,, (10)

where z,,rms is the rms emittance. As energy increases, c decreases; but the normalized

emittance

€= 3y€ (11)

is invariant through the entire linac and beam transport system for linear focusing systems.
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Emittance produces an effective axial velocity spread

AvZE f 2
- (12)

c 2 r 2 12
Cb

Substitute Eq.(12) into(8), and the criteria on emittance is

f 2 < rr0 -- (13)
kLe

where #_.0 = vo/c. For electron beams properly matched into the wiggler, i.e., r2 =EKO,

and 1,3 0 1,
A 1

2 K Le'

where Kp = Kk,/-7o is the betatron wavenumber. The emittance criteria above can be

interpreted in terms of radiation guiding. For perfectly guided radiation (f 1), the

Rayleigh length, zR "" 7rr2/2A, is approximately the e-folding length. To obtain (f _ 1),

the approximate criterion for the emittance is

< 1. (14)

C. The Effect of Beam Quality on Radiation Guiding

In a recent paper, Ref. 11, the growth rate is derived including simultaneously the

effects of: i) energy spread A7f/'y0 , ii) rms emittance frm, iii) betatron oscillations and

focusing of the electron beam, iv) diffraction and guiding and v) frequency detuning.

Reference 11 assumed a radiation field,

E(r,w)e- i#A" e-iW'(t-Z/C) + c.c., (15)

where { e-Xr 2/2'r  (16

E(r) = H ,r~r rb (16)
E~r) = AH(l)(rvlA), r  > rb,

where H(' ) is the Hankel function, and rb is the edge of the electron beam radius. The

expression for E(r) is exact for r > rb and approximate for r < rb. Additional assumptions
are that the electron beam's energy distribution is Gaussian. There is weak focusing due
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to the wiggler in both x and y so that the electrons execute betatron oscillations in both

x- and y-directions and the beam has an axially symmetric and uniform "water-bag"

distribution in transverse phase space.

From the dispersion relation obtained from Vlasov-Maxwell equations, the imaginary

part of ji gives the growth rates and it can be written in the following form

F=IG[47rfrm, A-y--, Kp (w - w,)/W,
r=fG[ mar, lk; ? f flkI (17)

where Wr and A,. are the resonant frequency and wavelength, f = 4(IeI/moC2) 1/ 2Fk,(K/(1+

K 2 )1 / 2 ) (16/7o)1/2 and 4 is the peak current. The intrinsic efficiency can also be obtained

from the same formalism, by plotting the real part of the variable A.

Figures la,b are plots of the growth rates as a function of emittance for different values

of the betatron wavenumber strength at the resonant frequency for (Fig. la) no energy

spread (A-y/-o)/(rI/k,) = 0 and (Fig. 1b) a small energy spread (Ay/ 7 o)/(l'/kw) = 0.2.

The growth rate f s- 10 , can be interpreted as the growth rate of the "guided" radiation

when (f = 1), (See Table I). Note that for 47ri,,,o/A,. > 1 the growth rate in Figs. la,b are

significantly degraded, consistent with Eq. (14). Also note that for (Al/k7 )/(,/k ) = 0.2,

all the growth rate curves have decreased, consistent with the simple minded condition Eq.

(9). Comparison with 3-D self-consistent FEL simulation results, by J. Goldstein with

FELEX code and J. Wurtele with TDA code, at maximum growth rates at the parameter

regimes shown in Figs. la,b are within 5%. These universal curves provide the quantitative

reduction of the growth rates due to energy spread and emittance.

The limitations of this calculation become relevant when the radiation field is sig-

nificantly different from the form shown in Eq. (16). This can happen in a variety of

situations. The agreement between simulation and the dispersion relation (17) is degraded

as the frequency moves off resonance due to the presence of higher order modes. The

agreement will probably be poor, in general, for filling factor f >> 1 and for f << 1. The

calculation is derived for the growth rate of the fastest growing mode. If this mode does

not dominate over other modes, many modes coexist and the simulation deviates from this

calculation. In addition, the distribution function of the electron beam may be different

from that used in the derivation. The effect of the distribution function on the scaling may
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be important, based on conclusions from 1-D simulations 1 3 and 1-D Vlasov theory.' 4

3. Micro-Wigglers and Harmonics

Requirements for compact FELs for all radiation wavelengths are short period wig-

glers, low energy electron beams and/or operation in the harmonics. The wavelength of

the radiation can be written as

A= A" 1 + K(18)
- nfl.0 (1 + #zo)-y'(1

where n is the harmonic number, A,, is the wiggler wavelength, i30 = (1 - 1/7 0)1/2 and

7zo = 70/(1 + K2)1/2 .

For a cold electron beam with very small emittance, the ideal expression for gaing in

the low gain regime can be written as

7r2 lel Ib 2 KA 3 2K)
G or .. . .3 N.Qn,) (19)

o, moc3 7o0 \70 /

n2

Q(nK)- 1 + K2 (20)

F. = J( -l)/ 2(b,) - J( +l)/ 2(bn) (21)

where N,, is the number of wiggler periods and bn = n and = K 2 /2(1 + K). Harmonic

operation requires the parameter K to be larger than 1. This requirement becomes clear

by the plot of the Q-factor in Fig. 2.15

To generate large values of K at short wavelength is difficult. Reference 15 outlines a.

method of obtaining K values from 1 to 4 for micro-wigglers with period A, - 1 to 5 mm,

by pulsing electromagnetic wigglers. The energy spread and emittance requirement can

be minimized by operating with wigglers with a small number of periods in an oscillator.

Methods of suppressing unwanted harmonics are proposed in Ref. 16.

4. Laser Pumped Harmonic FELs in the XUV Regime

Another method of generating short period wigglers is to use intense laser pulses. This

concept had not been very promising because of the low laser intensities and the stringent

beam requirements. Recent advances in laser technology have demonstrated very high
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intensities. For example, intensities greater than 1018 W/cm2 for Nd:glass YAG have been

demonstrated. These intense laser pulses can generate the normalized vector potential

K = (IeI/moc')(ALEL/2V,2-r) of up to about 3, where AL is the wavelength of the pump

laser, EL = 9.15 x 10-2v/I is the peak electric field of the linearly polarized pump laser in

sv/cm and I is the laser intensity in W/cm2.

A schematic of a laser pumped FEL"7 is shown in Fig. 3, where the wavelength of the

coherent backscattered radiation is

An., 1 + K2 AL (22)
(1 + 30)2.y20 n

where n is the harmonic number and/30 = (1 - 1/70g)l/2. For the Nd:glass YAG laser at

wavelength of 1 ,im and intensity of 10' W/cm 2 , K = 1.9. For an electron beam of 2 MeV

(70 = 5), the fundamental FEL wavelength is -- 460 A and the 5th harmonic wavelength

is --g A.
The 1-D growth rate1 7 of the harmonic is

rLn = 2(1 + 30)-2/3 r, (23)

where

f 7rn'l lel 1b,) 1/3 / (24)2/
Fn = ( 2 AL moC3 -YO k-orb (24)

is the 1-D growth rate9 '18 of the harmonic in the linearly polarized static wiggler of period

AL written in terms of the beam current Ib, where f = Ob/On is the filling factor, Ub is the

cross sectional area of the electron beam, O', is the cross sectional area of the harmonic

radiation and rb is the radius of the electron beam. The growth rate of the laser pumped

FEL in terms of electron density is

(1(1±+ K2 )b F 1/3

FL,n - 2V/i3r (l 3)2 )0 L) ' (25)

where A, = 27r/kp is the wavelength of the plasma period, kp = (4rle[2np/mo)/ 2 /c is the

plasma wavenumber associated with the electron beam and np is the electron density in

the beam. The derivation of the growth rate expression assumed the electron beam is in

8



the single particle regime, i.e., Ap >> AL. Expressions for growth rates in the radiation

guided regimes were also obtained. 7

The feasibility of the laser pumped FEL operating in the high gain Compton regime

requires very high beam density and very good beam quality. The necessary electron

beams do not exist at the present time, but many cathode programs under development

are working to approach that goal.

5. Laser Pumped Plasma FEL in the XUV and X-Ray Regime

A novel method of generation of the stimulated harmonic radiation from dense station-

ary plasmas, rather than electron beams, has been proposed.' 9 The mechanism requires

collective regime operation, i.e., Ap << AL. The schematic configuration of the laser

pumped plasma FEL is shown in Fig. 4. The intense input laser at wavelength AL enters

the plasma and causes the electrons in the plasma to oscillate in the transverse and axial

directions. As a consequence of the collective effects, the energy associated with the axial

electron motion in the plasma obeys

'yo(1 + Oo) = 1/l + K 2 . (26)

The resonant radiation propagates in the opposite direction of the input laser, similar to

the laser pumped FEL. The wavelength of the stimulated radiation for the nth harmonic

is

A. = AL/n. (27)

The advantages of this configuration for generation of stimulated radiation are the high

growth rates associated with the high electron density in the plasma and the elimination of

an electron beam source. Continuous tuning of the radiation will depend on the tunability

of the pump laser.

The growth rate is

rL,n = v/3,r ( A2AL / (28)

where AP is the plasma wavelength and the filling factor is f = 1. For Eq. (28) to be valid,

it is necessary that AL/Ap << 1.

9



Similar to all FEL configurations, the axial velocity spread has to be small. In this

case,
Av, Im(Ak)-- < (29)
C kn

where Im((Ak), related to the efficiency, is to be determined from the dispersion relation

and k, = 27r/Af. Laser photo-ionization 2 0 - 21 may be able to produce the necessary

longitudinally cold plasmas.

Take the Nd:glass YAG laser again as the pump laser, and the 11th harmonic, the

stimulated harmonic wavelength is 910 A. For a laser intensity of 1019 W/cm 2 , K = 1.9.

For a plasma with density of 101", the plasma wavelength is 3.34 x 10- 2 cm. The Bessel

function coefficient related to the harmonic number 11 is (b, 1 F 1 )'/ -_ 0.55. The e-folding

length is only 16 jim.

6. Summary

Generation of tunable, coherent XUV and x-rays remains a challenge. Some of the

methods outlined above are very promising. Extensive theoretical and experimental re-

search in this area is warranted. The electron density and the axial velocity spread of the

electron source are the primary limiting factors for generating shorter wavelength radiation

via the FEL mechanism.
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Table I: Guided Radiation for Parabolic Electron Beam

Filling factor, f =- b3 o ), 1/3

Radiation spot size, r, rb(2f) - 1/2 rb2 - 1 / 2

Growth rate, IF 3 r0 (6f - 1) r

kb(6f - 1)1/Groth5 f(4f -1)

Radius of curvature, R k. (6f - 1)1/27kb
7r f(2f - 1)1/2

Phase shift, Ak 3 (2f - 1)
5 f(4f - 1) o.2ro

Intrinsic efficiency, 7 Ak/k 0.2ro/k,,

6 (1 + K2)1/2 -to

v = Ib/1 73 o Budker's parameter

Ib peak current in kA

k = 2y2 kw/(1 + K 2 ) radiation wave number

O'b = irr2/2 area of e-beam

rb electron beam radius

F1 = Jo(b) - JI(b) b = K 2 /2(1 + K 2 )

K = (lel/moc 2)(A./v')

o (1 -- t-)1
/ 2
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Fig. 1. Plots of the growth rates as a function for emittance for different values of the betatron

wavenumber strength at resonant frequency and a) no energy spread (A/ 7 0 )/(F/k ) -

0

14



0.9 1 * I * * u "I ' I I Ill

AY/Y) 0.2

0.6 rokw
r /r .5

r o0. 0.5
0.0

0.1

0
0.01 0.1 1 10

4 1TErms

(b)
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L plasma

fig. 4 Schematic of the laser pumped plasma FEL.
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